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JACOB’S LADDERS, GRAM’S SEQUENCE AND SOME
NONLINEAR INTEGRAL EQUATIONS CONNECTED WITH
THE FUNCTIONS Jν(x) AND |ζ
(
1
2 + it
) |4
JAN MOSER
Abstract. It is shown in this paper that the Jacob’s ladder is the asymp-
totic solution to the new nonlinear integral equations which correspond to the
functions Jν(x) and |ζ
(
1
2
+ it
)
|4.
1. The first result: the nonlinear integral equation connected with
the Bessel’s functions
1.1. In this paper we obtain some new properties of the signal
Z(t) = eiϑ(t)ζ
Å
1
2
+ it
ã
that is generated by the Riemann zeta-function, where
ϑ(t) = − t
2
lnπ + Im lnΓ
Å
1
4
+ i
t
2
ã
=
t
2
ln
t
2π
− t
2
− π
8
+O
Å
1
t
ã
.
Let us remind that
Z˜2(t) =
dϕ1(t)
dt
, ϕ1(t) =
1
2
ϕ(t)
where
(1.1) Z˜2(t) =
Z2(t)
2Φ′ϕ[ϕ(t)]
=
∣∣ζ ( 12 + it
)∣∣2{
1 +O ( ln ln tln t
)}
ln t
(see [1], (3.9); [2], (1.3); [7], (1.1), (3.1), (3.2)), and ϕ(t) is the Jacob’s ladder, i.e.
a solution of the nonlinear integral equation (see [1])
∫ µ[x(T )]
0
Z2(t)e−
2
x(T )
tdt =
∫ T
0
Z2(t)dt.
1.2. The Gram’s sequence {tν} is defined by the equation
ϑ(tν) = πν, ν = 1, 2, . . .
where (see [20], p. 102)
(1.2) tν+1 − tν = 2π
ln tν
+
2π ln 2π
ln2 tν
+O
Å
1
ln3 tν
ã
.
The following theorem holds true.
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Theorem 1. Every Jacob’s ladder ϕ1(t) =
1
2ϕ(t) where ϕ(t) is the exact solution
to the nonlinear integral equation∫ µ[x(T )]
0
Z2(t)e−
2
x(T )
tdt =
∫ T
0
Z2(t)dt
is the asymptotic solution of the following nonlinear integral equation
(1.3)
∫ x−1(tν+1)
x−1(tν)
J1[x(t)]
∣∣∣∣ζ
Å
1
2
+ it
ã∣∣∣∣2 dt = 2
√
2π√
tν
sin
(
tν − π
4
)
for every sufficiently big tν that fulfils the conditions
[tν , tν+1] ⊂ [µ(1)n , µ(1)n+1],
[tν , tν+1] ∩ [kπ − ǫ, kπ + ǫ] = ∅, ν, k ∈ N, ν →∞
(1.4)
where J1(µ
(1)
n ) = 0, n = 1, 2, . . . , i.e. the following asymptotic formula
(1.5)
∫ ϕ−11 (tν+1)
ϕ−11 (tν)
J1[ϕ1(t)]
∣∣∣∣ζ
Å
1
2
+ it
ã∣∣∣∣2 dt ∼ 2
√
2π√
tν
sin
(
tν − π
4
)
holds true.
Remark 1. Since
(1.6) µ
(1)
n+1 − µ(1)n ∼ π, n→∞
then the number Nν,n of the intervals [tν , tν+1], for which the first condition in (1.4)
is fulfilled, is given by the asymptotic formula
Nν,n ∼ 1
2
ln tν , tν →∞,
((1.2), (1.6)).
This paper is a continuation of the series [1] - [19].
2. The second result: some nonlinear integral equation connected
with the function |ζ ( 12 + it
) |4
Let us remind that the Jacob’s ladder ϕ2(T ) of the second order is a solution to
the nonlinear integral equation
(2.1)
∫ µ[x(T )]
0
Z4(t)e−
t
x(T )dt =
∫ T
0
Z4(t)dt
(see [8]). In this case the following asymptotic formula (see [8], (1.5))
∫ ϕ−11 (T+U)
ϕ−11 (T )
∣∣∣∣ζ
Å
1
2
+ iϕ2(t)
ã∣∣∣∣4 ∣∣∣∣ζ Å12 + it
ã∣∣∣∣4 dt ∼
∼ 1
4π4
U ln8 T, U = T 13/14+2ǫ, T →∞
(2.2)
holds true.
Remark 2. The small improvements of the exponent 1314 that are of the type
13
14 →
8
9 → . . . are irrelevant in this question.
Next, similarly to the Theorem 1, the following theorem holds true.
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Theorem 2. Every Jacob’s ladder of the second order ϕ2(t), i.e. the (exact) so-
lution to the nonlinear integral equation (2.1) is the asymptotic solution of the
nonlinear integral equation
(2.3)
∫ x−1(T+U)
x−1(T )
∣∣∣∣ζ
Å
1
2
+ ix(t)
ã∣∣∣∣4 ∣∣∣∣ζ Å12 + it
ã∣∣∣∣4 dt = 14π4U ln8 T, T →∞,
(comp. (2.2)).
Remark 3. There are the fixed-point methods and other methods of the functional
analysis used to study the nonlinear equations. What can be obtained by using
these methods in the case of the nonlinear integral equations (1.3), (2.3)?
3. Proof of the Theorem 1
3.1. Let us remind that the following lemma holds true (see [6], (2.5); [7], (3.3)):
for every integrable function (in the Lebesgue sense) f(x), x ∈ [ϕ1(T ), ϕ1(T + U)]
we have
(3.1)
∫ T+U
T
f [ϕ1(t)]Z˜
2(t)dt =
∫ ϕ1(T+U)
ϕ1(T )
f(x)dx, U ∈
Å
0,
T
lnT
ò
where
t− ϕ1(t) ∼ (1 − c)π(t),
c is the Euler’s constant and π(t) is the prime-counting function. In the case
T˚ = ϕ−11 (T ),
˚
T˙ + U = ϕ−11 (T + U) we obtain from (2.1)
(3.2)
∫ ϕ−11 (T+U)
ϕ−11 (T )
f [ϕ1(t)]Z˜
2(t)dt =
∫ T+U
T
f(x)dx.
3.2. By the simple formula ∫ a
0
J1(x)dx = 1− J0(a),
known from the theory of the Bessel’s functions, we obtain
(3.3)
∫ tν+1
tν
J1(x)dx = J0(tν)− J0(tν+1).
Hence, from (3.3) by (3.2) the formula
(3.4)
∫ ϕ−11 (tν+1)
ϕ−11 (tν)
J1[ϕ1(t)]Z˜
2(t)dt = J0(tν)− J0(tν+1)
is obtained.
3.3. It is also well-know that
(3.5) Jν(x) =
…
2
πx
cos
(
x− ν π
2
− π
4
)
+O
Å
1
x3/2
ã
, x→∞
(the asymptotic formula for Jν(x)). Since, by the Titchmarsh’ formula (1.2)
(3.6)
1√
tν+1
=
1√
tν
+O
Ç
1
t
3/2
ν ln tν
å
,
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it follows (see (3.5), (3.6)) that
J0(tν)− J0(tν+1) =
=
 
2
πtν
{
cos
(
tν − π
4
)
− cos
(
tν+1 − π
4
)}
+O
Ç
1
t
3/2
ν
å
.
(3.7)
Next, (see (1.2))
cos
(
tν − π
4
)
− cos
(
tν+1 − π
4
)
= 2 sin
tν+1 − tν
2
sin
Å
tν+1 + tν
2
− π
4
ã
=
= 2 sin
tν+1 − tν
2
sin
Å
tν+1 − tν
2
+ tν − π
4
ã
=
= 2 sin2
tν+1 − tν
2
cos
(
tν − π
4
)
+ sin(tν+1 − tν) sin
(
tν − π
4
)
=
=
2π
ln tν
sin
(
tν − π
4
)
+O
Å
1
ln2 tν
ã
.
(3.8)
Hence, from (3.4) by (3.7), (3.8) the asymptotic formula
∫ ϕ−11 (tν+1)
ϕ−11 (tν)
J1[ϕ1(t)]Z˜
2(t)dt =
=
2
√
2π√
tν ln tν
sin
(
tν − π
4
)
+O
Å
1√
tν ln
2 tν
ã(3.9)
follows if the second condition in (1.4) is fulfilled. Then from (3.9) by the mean-
value theorem (see (1.1), (1.4) and [19], (3.3)) we obtain
∫ ϕ−11 (tν+1)
ϕ−11 (tν)
J1[ϕ1(t)]
∣∣∣∣ζ
Å
1
2
+ it
ã∣∣∣∣2 dt =
=
2
√
2π√
tν
sin
(
tν − π
4
)
+O
Å
ln ln tν√
tν ln tν
ã
,
i.e. the formula (1.5) holds true.
I would like to thank Michal Demetrian for helping me with the electronic version
of this work.
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